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Confluent A-hypergeometric functions and rapid decay 

homology cycles * 

Alexander ESTEROV ^and Kiyoshi TAKEUCHI * 



Abstract 



We study confluent A-hypergeometric functions introduced by Adolphson [T]. 
^^ In particular, we give their integral representations by using rapid decay homology 

cycles of Hien [12j and |13j . The method of toric compactifications introduced in 
|24| and |28] will be used to prove our main theorem. Moreover we apply it to obtain 
a formula for the asymptotic expansions at infinity of confluent A-hypergeometric 
functions. 



1^ 

r-p 1 Introduction 

o 

"^ The theory of A-hypergeometric systems introduced by Gelfand-Kapranov-Zelevinsky [9J 

^ is a vast generalization of that of classical hypergeometric differential equations. As in the 

Cd case of hypergeometric equations, the holomorphic solutions to their 74-hypergeometric 

S systems (i.e. the A-hypergeometric functions) admit F-series expansions (|9]) and integral 

representations ([ID]). Moreover this theory has deep connections with many other fields of 
■^ mathematics, such as toric varieties, projective duality, period integrals, mirror symmetry, 

J^ enumerative algebraic geometry and combinatorics. Also from the viewpoint of the V- 

O module theory (see [I?] and [IB] etc.), A-hypergeometric P- modules are very elegantly 

constructed in [10]. For the recent development of this subject see [37] and [38] etc. In 

[3], [in], [IS] and f5T] etc. the monodromies of their A-hypergeometric functions were 
O studied. In [I] Adolphson generalized the hypergeometric systems of Gelfand-Kapranov- 

^~~' Zelevinsky [U] to the confluent (i.e. irregular) case and proved many important results. 

However the construction of the confluent A-hypergeometric P-modules is not functorial 

. ^ as in [9] and [lO] . This leads us to some difficulties in obtaining the integral representations 

rS of their holomorphic solutions (i.e. the confluent A- hypergeometric functions). Indeed, 

Cd in the confluent case almost nothing is known about their global properties. In this 

paper, we flrst construct Adolphson's confluent A-hypergeometric P-modules functorially 
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as in [lOj. Note that recently the same problem was solved more completely in Saito [36] 
and Schulze-Walther [32], [10] by using commutative algebras. Our approach is based on 
sheaf-theoretical methods and totally different from theirs. Moreover we also construct an 
integral representation of the confluent A-hypergeometric functions by using the theory of 
rapid decay homology groups introduced recently in Hien [12] and [13]. Recall that A = 
{a(l),a(2), . . . ,a{N)} C Z" is a finite subset of a lattice Z" and Adolphson's confluent 
A-hypergeometric system is defined on C^ = C""^ = C^. Then our integral representation 
of its holomorphic solutions 

r ^ . _ 

u{z) = / exp(^ Zjx'''^^^)xl^ ^ ■■ ■x'ri ^dxi A ■ ■ ■ A dxn (1.1) 

coincides with the one in Adolphson [H Equation (2.6)], where 7 = {7^} is a family of 
real n-dimensional topological cycles 7^ in the algebraic torus T = (C*)^ on which the 
function exp{Ylj=i ^j^""^^^)^!^' ' ' ' ^'^~^ decays rapidly at infinity. More precisely 7^ is 
an element of Hien's rapid decay homology group. See Sections [3] and |4] for the details. 



Adolphson used the formula (1.1) without giving any geometric condition on the cycles 7^ 



nor proving the convergence of the integrals. In our Theorem 4.5 we could give a rigorous 
justification to Adolphson's formula [U Equation (2.6)] by using rapid decay homology 
cycles. This integral representation can be considered as a natural generalization of those 
for the classical Bessel and Airy functions etc. Note that in the case of hypergeometric 
functions associated to hyperplane arrangements the same problem was precisely studied 
by Kimura-Haraoka-Takano [22] etc. We hope that our geometric construction would be 
useful in the explicit study of Adolphson's confluent A-hypergeometric functions. In the 



proof of Theorem 4.5, we shall use the method of toric compactifications introduced in 



24] and [28] for the study of geometric monodromies of polynomial maps. Moreover we 



introduce Proposition |3.4| which enables us to calculate Hien's rapid decay homologies by 
usual relative twisted homologies. By Proposition [3.4 and Lemmas 3.5| and 3.6 



we can 



calculate the rapid decay homologies very explicitly in many cases. Let A C M" be the 
convex hull of A U {0} in M" and h^ : T = (C*)" — > C the Laurent polynomial on T 
defined by hz{x) = '^j=i Zjx"'^^\ Then in Section 5, assuming the condition G Int(A) 
and using the twisted Morse theory we construct also a natural basis of the rapid decay 
homology group indexed by the critical points of hz- Furthermore we apply it to obtain 
a precise formula for the asymptotic expansions at infinity of Adolphson's confluent A- 



hypergeometric functions. The formula that we obtain in Theorem |5.6| will be very similar 
to that of the classical Bessel functions. Finally in Sections |6] and [7] removing the condition 
e Int(A) we construct another natural basis of the rapid decay homology group. We thus 
partially solve the famous problem in Gelfand-Kapranov-Zelevinsky ^lOj of constructing 
a basis of the twisted homology group in their integral representation of non-confluent 
A-hypergeometric functions, in the more general case of confluent ones. 

Acknowledgement: We thank Professors K. Ando, Y. Haraoka, T. Kohno, A. Pajitnov 
and S. Tanabe etc. for useful discussions during the preparation of this paper. 



2 Adolphson's results 

First of all, we recall the definition of the confluent A-hypergeometric systems introduced 
by Adolphson [1] and their important properties. In this paper, we essentially follow the 
terminology of [17] and [18] etc. Let A = {a(l), a(2), . . . , a{N)} C Z" be a finite subset 
of the lattice Z". Assume that A generates Z" as in [H] and [TU]. Following JT\ we denote 
by A the convex hull of AU {0} in M". By definition A is an n-dimensional polytope. Let 
c = (ci, . . . , Cn) G C" be a parameter vector. Moreover consider the n x N integer matrix 

A := (*a(l) *a(2) ■ ■ ■ 'aiN)) = (a,,,)i<,<,,i<,<jv G M{n,N,Z) (2.1) 

whose j-th column is ^a{j). Then Adolphson's confluent A-hypergeometric system on 
X = C^ = C^ associated with the parameter vector c = (ci, . . . , c„) G C" is 

= (1 < i < n), (2.2) 

A'j I 

u{z) = (fieKeiAnZ^). (2.3) 

Remark 2.1. The above A-hypergeometric system was introduced first by Gelfand- 
Kapranov-Zelevinsky f^J under the homogeneous condition on A i.e. when there exists 
a linear functional I : M" — > M such that /(Z") = Z and A C 1~^{1). In this case, Hotta 
JTSf proved that it is regular holonomic i.e. non-confluent. 




Remark 2.2. In JJ^ Adolphson does not assume that A generates Z". However we need 
this condition to obtain a geometric construction of his confluent A-hypergeometric sys- 
tems. Even when A does not generate Z", by a suitable linear coordinate change o/M" we 
can get an equivalent system for A' C Z" and c' G C" such that A' generates Z". Namely 
our condition is not restrictive at all. 

Let D{X) be the Weyl algebra over X and consider the differential operators 

^ d 
Zi,c ■= ^^ij^j-g ^ Cj (1 < i < n), (2.4) 

i=i ^^ 

°. - Uii-f-Uii-y' (.eKer^nZ") (2.5, 

in it. Then the above system is naturally identified with the left D(X)-module 

Ma,c = D{X)/ I Y, D{X)Z,,, + Yl D{X)n^ j . (2.6) 

Let Vx be the sheaf of differential operators over the "algebraic variety" X and define a 
coherent Px-niodule by 

Ma,c = ^x/ij2 ^^^^^ + Yl ^^°M • (2-7) 

\l<i<n ^J,eKerAnZf^f J 



Then A^a,c is the locahzation of the left D(X)-niodule M^c (see |T71 Proposition 1.4.4 
(ii)] etc.). Adolphson pLj proved that A4a,c is holonomic. In fact, he proved the following 
more precise result. 

Definition 2.3. (Adolphson |2l page 274], see also JS^ etc.) For z e X = C^ we say 
that the Laurent polynomial hz{x) = ^,=i Zjx""^^^ is non- degenerate if for any face T of 
A not containing the origin G M" we have 

xeT = iC*r I jr^ix) = = ^(x) = =0, (2.8) 

ox I OXn ) 

where we set h^{x) = J2j-a(j)€r ^j^"'^''^ ■ 

Remark 2.4. Since in the definition above we consider only faces F ^ A such that 



dimF < n — 1 and h^ are quasi-homogeneous, our condition (2.8) is equivalent to the 



weaker one in lU page 274]- See Kouchnirenko l2^ Definition 1.19] etc. 

Let VL <Z X he the Zariski open subset of X consisting of z G X = C"^ such that the 
Laurent polynomial hz{x) = '^j=iZjX"'^^^ is non-degenerate. Then Adolphson's result in 
[U Lemma 3.3] asserts that the holonomic Px-niodule Ma,c is an integrable connection on 
Q (i.e. the characteristic variety of Ma,c is contained in the zero section of the cotangent 
bundle T*Q). Now let X^^ (resp. Q^^) be the underlying complex analytic manifold of 
X (resp. Q) and consider the holomorphic solution complex SoIx{-Ma,c) ^ T)^{X^^) of 
J^A,c defined by 

So\xiMA,c) = RnomT,^^,,{{MA,cr,Ox^n) (2.9) 

(see ^^7\ etc. for the details). Then by the above Adolphson's result, SoIx{.Ma,c) is a local 
system on Q^'^. Moreover he proved the following remarkable result. Let Volz(A) G Z be 
the normalized n-dimensional volume of A i.e. the n! times of the usual one Vol(A) G Q 
with respect to the lattice Z" C M". 

Theorem 2.5. (Adolphson /i, Corollary 5.20]) Assume that the parameter vector c G C" 
is semi-nonresonant (for the definition see |2l page 284]). Then the rank of the local 
system H^'^o\x{Ma,c)W^ on Vt"^^ is equal to Volz(A) G Z. 

This is a generalization of the famous result of Gelfand-Kapranov-Zelevinsky in [5] 
to the confluent case. The sections of the local system if°Solx(A^A,c)|n="i are called A- 
hypergeometric functions (associated to the parameter c G C"). 

3 Hien's rapid decay homologies 

In this section, we review Hien's theory of rapid decay homologies invented in [12] and 
|13j . For the theory of twisted homology groups we refer to Aomoto-Kita [2| and Pajitnov 
[33] etc. Let [/ be a smooth quasi-projective variety of dimension n and {£, V) (V : £^ — t- 
Vl\j ®Ou ^) ^^ integrable connection on it. We consider (£, V) as a left Vu-vnodvle and 

set 

DRf;(^) = fit/- ®Vu... ^" - ^C/- ®Oaan ^""M- (3.1) 

Assume that i -.U ^-^ Z i^ a. smooth projective compactification of U such that D = Z\U 
is a normal crossing divisor and the extension i^S oi S to Z admits a good lattice in the 



sense of Sabbah |35] and Mochizuki [30]. Such a good compactification of U for (^, V) 
always exists by the fundamental theorem recently established by Mochizuki [30]. Now 
let TT : Z — > Z^'' be the real oriented blow-up of Z^'^ in [H], [13] and set D = tt-^{D''''). 
Recall that vr induces an isomorphism Z \ D — > Z^'^ \ D^^. More precisely, for each 
point q G D^^ by taking a local coordinate (xi, . . . , x„) on a neighborhood of q such that 
q = (0, . . . , 0) and D^° = {xi ■ ■ ■ x^ = 0} the morphism vr is explicitly given by 

{[Q,e)^S^f^B{Q-eY-^ -^ B{Q-ef^B{Q-eY-^ (3.2) 

({(ri,e^^^O}ti,a;fe+i,...,x„) ^ ({riC^^^'Jti.Xfc+i, . . . ,x„), (3.3) 

where we set 5(0; e) = {x & €, \ \x\ < e} for e > 0. For p > and a subset B <Z Z 
denote by Sp{B) the C-vector space generated by the piecewise smooth maps c : A^ — )■ B 
from the p-dimensional simplex A^. We denote by C^^^ the sheaf on Z associated to the 
presheaf 

V ^^ SpiZ, iZ\V)UD) = SpiZ)/S.piiZ \ V) U D). (3.4) 

Namely C^^^ is the sheaf of the relative p-chains on the pair {Z,D). Now let C := 

H-"DRu{S) = Ker{V'''' : S^"" — > fi^a„ ®o^an ^^°} be the sheaf of horizontal sections of 
the analytic connection {S^'^, V'^") and l : U^^ M- Z the inclusion. Then l^,C is a local 
system on Z. We define the sheaf C^^Ai^C) of the relative twisted p-chains on the pair 

[Z, D) with coefficients in t*£ by C^^(i*£) = C=^ ^c^ ''*'^- 

Definition 3.1. (Hien ^12j and ITSf) A section 7 = c s G r(V; C=^(i^,£)) is called a 

rapid decay chain if for any point q G c(A^) Cl D ClV the following condition holds: 

In a local coordinate {xi, . . . , x„) on a neighborhood of q in Z such that g = (0, . . . , 0) 
and D^^ = {xi---Xk = 0} by taking a local trivialization {i^:£)^^ ~ (B^^iOz'^'^{*D^'^)ei 
with respect to a basis ei, . . . ,6^ and setting s = J2l=i fi ' ''*^~^ej (fi G t^Oz^^), for any 
1 <i <r and N = {Ni, . . . , A''^) G N*-' there exists Cm > such that 

i/i(x)i<c^ixir^---ix,r'= (3.5) 

for any x G (c(Ap) \D) HV with small \xi\, . . . ,\xk\- 

In particular, if c{A^) f] D CiV = ^ we do not impose any condition on s & l^C 

Note that this definition does not depend on the local coordinate (xi, . . . , x„) nor the 
local trivialization {i^Ef'' ~ ®\^^0 z-^{*D^'^)ei. We denote by Cf^^{i^C) the subsheaf of 

C~P'-{l^C) consisting of rapid decay chains. According to Hien [12] and [13], C^ '^^{l^C) is 

a fine sheaf. Then we otain a complex of fine sheaves on Z: 



7rd,- 



rd,-(p+l)/ ^N prd,-p / f>\ ^rd,-(p-l). 



C'n(^*^)= >cf-^'^'\iX)—^cf-^%iX)-^a-^'-'\iX)—^--- . (3.6) 



Z,D v-»~/ -^ n V ="—/ "2 n 



Definition 3.2. (^i/zen 112] and fT3^) For p E Z we set 

Hf{U; 8) := H-^VCZ-, Cfni^.C)) (3.7) 

and call it the p-th rapid decay homology group associated to the integrable connection £. 



In |T3j Hien proved that H^^{U\£) is isomorphic to the dual of the p-th algebraic 
de Rham cohomology of the dual connection £* oi £. For a different approach to this 
problem see Kashiwara-Schapira [12]. In this paper, we use only some special integrable 
connections (^, V) as the following example. 

Example 3.3. LetU ~ C* and £ = Ou ex-p(—h(x))x~^ , where h{x) = Xliez*^*-^* f^* ^ ^) 
is a Laurent polynomial and c & C As usual we endow £ = Ou exp{—h{x))x~'^ with the 
connection V : £ — > i7^ ^Ou ^ defined by 

V{/exp(-/i(x))x"n = df exp(-h(x))x''' - (dh + -dx) (g) /exp(-/i(x))x"'^ (3.8) 

X 

for f G Ou. Then we have C = H^^DR.u{£) — Cf/an exp(/i(x))x^ C O^/an. In this case, 
to define the rapid decay homology groups H^^{U\£) we consider (relative) twisted chains 
on which the function exp(/i(x))x'^ decays rapidly at infinity. 

If £^ ~ Oi;{-) and we have an isomorphism C = H^"'DIiu{£) ~ Cu^^ng (c Ojyan) for 
a possibly multi-valued holomorphic function g : U^^ — > C as the example above, we 
call Hp'^{U;£) the p-th rapid decay homology group associated to the function g. In the 
special case where g{x) = exp{h{x))go{x) for a meromorphic function h on Z^^ with poles 
in D^^ and a (possibly multi-valued) function g^ on U^^ such that at each point of Z^"^ 
there exists a local coordinate x = (xi, . . . , x„) satisfying go{x) = x^^ ■ ■ ■ x^ (q G C) and 
D = {xi ■ ■ ■ Xfc = 0}, we shall give a purely topological interpretation of H^^iU; £). Since 
Z is a good compactification of U for £, the meromorphic function h has no point of 
indeterminacy on the whole Z'^'^ (see p3l Section 2.1] etc.). By l : U^^ "^ Z we consider 
Lf^^ as an open subset of Z and set 



p = L) n {x G t/^° I Reh{x) > 0}. (3.9) 

Let D = DiU ■ ■ -U D(i be the irreducible decomposition of D. For 1 < i < c? let 6j G Z be 
the order of the meromorphic function h along Di. If 6j > we say that the irreducible 
component Di is irrelevant. Namely along a relevant component Di the function h has a 
pole of order —hi > 0. Denote by D' the union of the irrelevant components of D. Then 
we set Q = -D \ {P U -k^^{D'Y^'}. Note that Q is an open subset of D (i.e. the set of the 
rapid decay directions of the function g in D). 

Proposition 3.4. In the situation as above, we have an isomorphism 

Hf{U; £) ~ i7p(f/^" U Q, Q; ^Cu^^go)) (3.10) 

for any p G Z, where the right hand side is the p-th relative twisted homology group of the 
pair {U^^ U Q,Q) with coefficients in the rank-one local system ^^.(Cf/angio) on Z. 

Proof. Since the function exp(/i(x)) is single-valued, we have an isomorphism C ~ Cu^^^go- 
First let us consider the case n = 1. Locally we may assume that U = C* , Z = Cx = 
C* U {0}, D = {x = Q} = {0} C Z and h{x) = a;"'" (m > 0). Let tt : Z — > Z^"^ be the 
real oriented blow-up of Z'^'^ along D'^^. In this case we have D = tt^^{D^^) ^ S^ and 
Z = {(r, e^'^^) I r > 0} ~ [0, cxd) x 5*^. For 1 < i < m and sufficiently small e > we set 

Q'. = {e'^^ e D - S^ ^—-e<e<^- ^— + e}, 3.11 

m m 



and Q^ = U^^Qf C D. Note that Q^ C D contains all the rapid decay directions of 
g{x) = exp{h{x))go{x) in D. Now let us consider the two topological subspaces f/^" U Q^ 
and D of Z. We patch them on their intersection Q^ and construct a new topological space 
as follows. By identifying the^points of Q^ C U'^'^ U Q'^ and those of Q^ C -D naturally, 
we obtain a quotient space Z^ of the disjoint union {W^^ U Q^) U D. Recall that Z^ is 
endowed with the strongest topology for which the quotient map (f/'^'^ U Q"^) U D — > Z^ 
is continuous. Note also that D is naturally identified with a close subspace of Z^. We 
denote the local system on Z^ naturally constructed from l^C by the same letter i^,£. For 
p E Z let Sp{Z'^, D; l^:C) be the C-vector space of the twisted (piecewise smooth) relative 
p-chains on the pair (Z^, D) with coefficients in l^^C Then by the definition of rapid decay 
chains, for any p G Z we obtain a natural morphism 

T{Z-e^C^{iX)) -^ Sp{Z-,b-LX). (3.12) 

We can easily show that the chain map 

r(Z;C|^(6,£)) — > S-.(zi,b-i,C) (3.13) 

obtained in this way is a homotopy equivalence. Indeed, its homotopy inverse 
S^.{Z^, D; L^C) — )• T{Z; C- '-{l^C)) can be constructed by smooth deformations of chains 

in ^-.(Z^, D] Lj.C) in the angular direction 6 = argx. We can construct them by a smooth 
vector field on Z. Hence we obtain an isomorphism 

H-PT{Z; Cf'^iiX)) ^^ Hp{Y^, D; lX) (3.14) 

for any p G Z. Moreover by excision and homotopy, we have an isomorphism 

Hp(z% b; tX) ^^ /fp(t/"" U g^ Q'; lX) (3.15) 



for any p G Z. Combining (3.14) with (3.15), we obtain an isomorphism 



H-PT{Z;Cf'-j^{iX))^^Hp{U^^UQ',Q';LX) (3.16) 

for any p G Z. Finally let us consider the case n > 2. First we assume that for some 
1 < A; < n we have Z = C^, D = {xi- ■ ■ Xk = 0} C Z,U = Z\D and h{x) = x^""' ■ ■ ■ x~""= 
{rrii > 0). Let tt : Z — > Z^"^ be the real oriented blow-up of Z^^ along D^". In this case 
we have Z = {({(r,;, e^^'^OlLi.a^fe+i, . . . ,x„) | r, > 0} ~ ([0,cx)) x S^ x C"-^ For 
sufficiently small e > we define an open subset Q^ C D hj 

({(r„ev^^O}ti,a;fc+i,...,x„) G Q' (3.17) 

^^ Re e^^("^^i+-+™'=^'=) < e|lme^^('"^^^+-+™'=^*)| (3.18) 

for ({(rj, e"'^^^^)}^^i, Xk+i, ■ ■ ■ , Xn) G D. Then Q^ contains all the rapid decay directions 
of g{x) = exp{h{x)) QqIx) in D. As in the case n = 1, by smooth deformations of chains 
and excision etc. we obtain an isomorphism 

H-PT{Z;Cf'^{LX))^^H,{U^-UQ',Q';tX) (3.19) 

for any p G Z. The general case can be proved similarly by patching local smooth 
deformations of chains (smooth vector fields) as above by a partition of unity. This 
completes the proof. D 



The following lemma will be used in Section |4j 

Lemma 3.5. In the situation as above, forq G -D^" let k > be the number of the relevant 
irreducible components of D^^ passing through q. Assume that k > 2. Then for a small 
open neighborhood V of q in Z^'^ we have 

5^(-l)Mimi7p((y n f/^") U in-\V) n Q), in-\V) D Q); t^iCu^ngo)) = 0. (3.20) 



Proof. By Mayer- Vietoris exact sequences for relative twisted homology groups, we can 
reduce the problem to the well-known vanishing of the Euler characteristic of the circle 

s\ a 

In the sequel, we consider the more special case where t/ = C* and (^,V) is an 
integrable connection on U such that C = H~^DIiu{£) — C[/an exp{h{x))x'^ for a Laurent 
polynomial h{x) = ^jg^*^*^* ('^* ^ *^) ^^^ c G C Then we can take the projective 
line P to be the good compactification Z of f/ = C* for (£^, V). In this case, we have 
D = Z\U = DiU D2, where we set Di = {0} and D2 = {cxd}. For the real oriented 
blow-up TT : Z — > Z^^ of Z''^'^ the subset D = n^^lD'^'^) of Z is a union of two circles 
Di := 7i^^{Df^'^) ~ 5*^ (i = 1,2). Moreover the open subset Q C -D is a union of open 
intervals in A U Ds ~ S"^ U S^ Let NP{h) C M be the Newton polytope of h i.e. the 
convex hull of the set {« G Z | Oj 7^ 0} in M. Finally denote by A C M the convex hull 



of NP{h) U {0} in M. Then by Proposition 3.4 and Mayer- Vietoris exact sequences for 



relative twisted homology groups we can easily prove the following result. 

Lemma 3.6. In the situation as above, we have 

(i) The dimension of the rapid decay homology group H^^{U\£) is Volz(A) if p = 1 and 

zero otherwise. 

(a) Assume that A = [— r?7,, 0] (resp. A = [0,r7i]^ for some m > 0. Then Q G D is a 

union of m open intervals Qi,Q2, ■ ■ ■ iQm i'^ -Di — 5*^ (resp. in D2 — S^) and the first 

rapid decay homology group Hl'^{U;S) has a basis formed by the m elements 

[j,]eHf{U;S) (z = l,2,...,m), (3.21) 

where 7^ is a 1-dimensional twisted chain with values in l^^C starting from a point in Qi 
and going directly to that in Qj+i (here we set Qm+i = Qi)- 

(Hi) Assume that A = [—mi, 7712] for some mi,m2 > 0. Then Q G D is a union of 
open intervals Qi,Q2, ■ ■ ■ , Qmi in Di ~ S"^ and the ones Q[, Q'2, . . . , Q'^^ in D2 — S^ . If 
moreover the function Qq has a non-trivial monodromy around the origin, then the first 
rapid decay homology group Hl'^{U; S) has a basis formed by the mi + m2 elements 

[j,]eHl\U-S) (z = l,2,...,mi) (3.22) 

and 

[^'i\eHl\U;£) (z = l,2,...,m2), (3.23) 

where 7^ (resp. 'j'^) is a 1-dimensional twisted chain with values in t^C starting from a 
point in Qi (resp. Q^) and going directly to that in Qi+i (resp. Q'i^i)- 



4 A geometric construction of integral representa- 
tions 

In this section we give a geometric construction of Adolphson's confluent A- 
hypergeometric P-module A4a,c and apply it to obtain the integral representations 
of A-hypergeometric functions. Let Y = (C^)* = C^ be the dual vector space of 
X = C^ = C^, where ( is the dual coordinate of z. As in [10], to A C Z" we asso- 
ciate a morphism 

j:T = (C*)^ ^Y = (C^)* = Cf (4.1) 

defined by x i — ;■ (x"'^^\ x"'^'^\ . . . , x"*^^-*). Since we assume here that A generates Z", j is an 
embedding. Let / C C[Ci, • . . , Ca^] be the defining ideal of the closure j(T) oi j{T) C F in 
Y. Moreover denote by D{Y) the Weyl algebra over Y. Then we have a ring isomorphism 

A : D{X) -^ D{Y) (4.2) 

defined by 

(^r = 0, (^^■)' = -|^ (J = 1^2,..., AT). (4.3) 

We call A the Fourier transform (see Malgrange [23] etc. for the details). Via this A, the 
Adolphson's system M^^c is transformed to the one 

(Z,e)^t;(C) = (l<2<n), /(C)^^(C) = if el) (4.4) 

on y = (C"^)*. Note that this system has no holomorphic solution in general. Let 

Na,. = MX. = D{Y)/ i J2 D{Y){Z^,.r + E^(^)/ ) (4-5) 

\l<j<n fei J 

be the corresponding left D(y)-module and Ma,c the coherent Py-module associated to 
it. By a theorem of Hotta [TB] N'a,c is regular holonomic. Now on the algebraic torus 
T = (C*)" we define a holonomic P^-module 71. by 



7^c = Vt/ J2 ^t Ui^, + (1 - q)| ~ OtxI 

l<i<n ^ * '' 



ci-1 ™c„-l 



<--■ (4.6) 



This is an integrable connection on T and we have 

DRT(7^c) ~ (Cranxr''+^ ■ ■ ■ x-^"^^)[n]. (4.7) 

Let f = [1] G Ma,, and Wq = [1] G TZ. be the canonical generators. Recall that the 

transfer bimodule Vt >y has the canonical section It s-y. We define a section ly^ t of 

Vy^t = ^T ®Ot T^t^y ®j-Wy t^^f'^ by 

Iy^t = {dxi A • ■ ■ A dxn) ® It— >y » j"^(rfCi A • ■ • A rfCAr)®"^ (4.8) 

Note that this definition of ly< t depends on the coordinates of Y and T. Then we 

obtain a section w of the regular holonomic 7?y-module 






(4.9) 



defined hj w = j*(ly< r ® uiq). We can easily check tliat this section w G Sa,c satisfies 



the system (4.4). Hence as in [TUl page 268-269], we obtain a morphism 

"^ : ^fA,c ^ Sa,c = In, (4.10) 



of left Py-modules which sends the canonical generator f = [1] G Ma^c to w G Sa,c- 

Definition 4.1. (Gelfand-Kapranov-Zelevinsky [W[ page 262]) For a face T of A con- 
taining the origin G M" we denote by Lin(r) C C" the C-linear span ofT. We say that 
the parameter vector c G C" zs nonresonant (with respect to A) if for any face T of A of 
codimension 1 such that eT we have c ^ {Z" + Lin(r)}. 

Recall that if c G C" is nonresonant then it is semi-nonresonant in the sense of [U 
page 284]. The following result was proved by Saito [36] and Schulze-Walther |3S|, [10] 
by using commutative algebras. Here we give a geometric proof to it. 

Lemma 4.2. Assume that the parameter vector c & C"" is nonresonant. Then the regular 
holonomic Vy-module Sa,c is irreducible. 

Proof. Note that DR7-(7^c) — (Cranxlf^^^ ' ' ' ^n^''^^)V'] is an irreducible perverse sheaf 
on T^^. Then also its minimal extension by the locally closed embedding j is irreducible 
(see [T71 Corollary 8.2.10] etc.). As in [10, Theorem 3.5 and Propositions 3.2 and 4.4] it 
suffices to show that the canonical morphism 

jKCt-x^^"' ■ ■■<"'') -^ RUCr^nxl'-^ ■ ■ ■ x'^-') (4.11) 

is a quasi-isomorphism. For this, we have only to prove the vanishing 

-Rj*(CTanX^^~^ ■ ■ ■ x^"~^)q ~ for any q G j{T) \j{T). Note that by the nonresonance 
of c G C" for any p G Z and the local system C := Cyanx^^" ■ ■ ■ a;^"~^ on T^^ we have 
HP(T^^- C) = 0. Let S{A) C Z" (resp. K{A) C M") be the semigroup (resp. the convex 
cone) generated by A. Then by (the proof of) [HI Chapter 5, Theorem 2.3] we have 
j(T) ~ Spec(C[S'(A)]). Let us define an action of T on F = C^ by 

{C,,...,CN)^{x^^'ki,-..,x^^'''>C^) (4.12) 

for X eT . Then by [Til Chapter 5, Theorem 2.5] there exists a natural bijection between 
the faces of K{A) and the T-orbits in j(T). In particular, if K{A) = M" we have j{T) = 
j{T) and there is nothing to prove. First consider the case where G M" is an appex 
of K{A) and q = e Y = C^. If G A i.e. = a{j) for some 1 < j < N we have 

j{T) C {Cj = 1} — C^^^. Hence we may assume that ^ A from the first. In this case, 
{0} C j{T) is the unique 0-dimensional T-orbit in j{T) which corresponds to {0} -< K{A). 
From now on, we will prove that Rj^,{C)o ~ 0. By our assumption there exists a linear 
function / : M" — > R such that /(Z") C Z and K{A) \ {0} C {/ > 0}. We define a 
real-valued function ip : Y 

(4.13) 
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|(l Had)) + . 


■+ Cn\ 


c 


{(.) = 


(a{N)) 



where we take C G Z>o large enough so that ip and its level sets ^'^{h) (h > 0) are 
smooth. Let {li,l2, ■ ■ ■ Jn) ^ ^^ be the coefficients of the linear function /. Define an 
action of the multiplicative group ]R>o on T by 

r-{xi,...,Xn) = (r'^xi, . . . , r'"x„) (4.14) 

for r G M>o- Then we have 

j{r ■ x) = {r'(-W)x''^'\ ..., r'W^))x'^(^)) (4.15) 

and hence 

ip(j(r ■ x)) = r'^(p{j{x)). (4.16) 

Therefore by the action of ]R>o onY = C^ defined by 

r-(Ci,...,C7v) = (r'("(^»Ci,...,r'^"^^»Civ), (4.17) 

a level set if~^{t) {t > 0) oi (f is sent to the one ip~^{r'-''t). Moreover this action preserves 
the T-orbits in j(T). Let O C j(T) be such a T-orbit. Then all the level sets f~^(t) 
{t > 0) oi if are transversal to O, or all are not. But the latter case cannot occur by the 
Sard theorem. Then we obtain an isomorphism 

HPRUC)o c^ iJP(C^; RUC)) c^ HP{T^''; £) ~ (4.18) 

for any p G Z. Next consider the remaining case where q E O for a T-orbit O in 
j(T) such that dimO > 1. Then in a neighborhood of g, the variety j{T) is a product 
W X O for an affine toric variety W C C^ and j{T) = [Ti U ■ ■ ■ U T^) x O for some tori 
Ti ~ (C*)'^-'^i™o ggg [jji Chapter 5, Theorem 3.1] and the proof of ^ Theorem 4.9] etc. 
for the details. Moreover for the semigroup S{Ao) C Z"'-'^^^^ generated by a finite subset 
Ao C Z"-'^''^^ we have % ~ Spec(C[^(Ao)]) C W {i = 1,2, . . . ,k). These varieties % 
are the irreducible components of W. For the explicit construction of T, see the proof 
of [26| Theorem 4.9]. By this construction G K'^-'^™'^ is an appex of the convex cone 
K{Ao) C M"-dimO generated by Aq. Let p2 : W x O — > O and q2 : T^ x O — ^ O be the 
second projections. Then it follows from the nonresonance of c G C^ the restriction of C 
to q2^P2{q) — Tj is a non-constant local system. So we can apply our previous arguments 
and prove Rj^:{C)q ~ in this case, too. This completes the proof. D 



By Lemma 4.2, if c G C" is nonresonant the non-trivial morphism \l/ should be sur- 
jective. According to Schulze-Walther [391 Corollary 3.8] the morphism \l/ is also an 
isomorphism in this case. Let V : D{Y) — ^ D{X) be the inverse of the Fourier transform 
A. Then we have an isomorphism A^^^ — Ma,c of left Z)(X)-modules. The corresponding 
coherent "Dx-module J^Xc — ■^a,c can be more geometrically constructed as follows. Let 



N 



(7 = (■,-) : X X Y — )■ C be the canonical pairing defined by (-z, C) = S^i -^jCj and 



Pi : X xY — )■ X (resp. p2 : X xY — )■ Y) the ffist (resp. second) projection. Then we 
have the following theorem due to Katz-Laumon [20] . 



Theorem 4.3. (Katz-Laumon 120]) In the situation as above, we have an isomorphism 

Kc - [ {iP*2^A,c) ®o^^r Ox^^ve") , (4.19) 

Jpl 

where Oxxy^"^ is the integrable connection associated to e'^ : X xY — )• C (see J2^ etc.). 
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In the same way, we have 

^Ic = I {{pISa^c) ®ax.. Oxxye'^} • (4.20) 



From now on, we assume that c G C" is nonresonant. Then by Lemma |4.2| we obtain 
surjective morphisms Na,c — > Sa,c{X) and A^a,c(-^) — A^ac — ^ '^Ac(^)- Hence we 
obtain a surjective morphism 

Ma,c ^ Ml,c -^ Si, (4.21) 

of left Px-Kiodules. Let e"^ : X x T — > C be the function defined by e'^{z,x) = 
exp(^ . -^ ZjX""^^^) and qi : X x T — > X (resp. q2 : X x T — > T) the first (resp. 
second) projection. Then by the base change theorem [TTl Theorem L7.3 and Corollary 
1.7.5], we have the isomorphism 

Sic ^ I {{qin,) ®o^^r Ox.re^] ■ (4.22) 

Namely S\ , is the direct image of the integrable connection 

/C = {qin,) ®o^^r OxxTe"- (4.23) 

on X X T by gi. Define a function g : X x T — > C by 

N 

g{z, x) = exp( J^ Zjx'^(^'))xf -^ ■ ■ ■ x^"-\ (4.24) 

Then by the results of Hien-Roucairol [T^ the holomorphic solution complex 

SolxiSl,) = RHamv,U{Sl,r, Ox^^) (4.25) 

of 5^ ^ is expressed by the rapid decay homology groups associated the function g. Indeed, 
for 2; e f2 let ICz (resp. gz '■ T — )■ C) be the restriction of the connection /C (resp. the 
function g) to Uz ■= qi^iz) ~ T C f2 x T. Namely we set 

N 

gz{x) = exp(J2 ZjX^^^^)xl'~^ ■ ■ ■ x^"-^ (4.26) 

i=i 

for z E Uz — T. Then /C^ ~ Ojj^gz and for the dual connection /C* ~ OuX~) of ^z ^^ 
have 

i7-"DRT(/C:) ~ Cc/an^,. (4.27) 

Moreover for any p G Z, by Proposition 3.4 (see also the proof of Theorem 4.5| below) the 



rapid decay homology groups 

HfiUz-^K) {ze^n (4.28) 

associated to the integrable connections /C* (or to the functions gz : T — )■ C) are iso- 
morphic to each other and define a local system 7/^*^ on VL'^^. See [14j for the details. The 
following result is essentially due to Hien-Roucairol [li~ 
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Theorem 4.4. (Hien-Roucairol fl^ ) In the situation as above, for any p G Z we have 
an isomorphism 



'91 



K'+P - ^"Solx( / /C) - H'^SolxiS^Ac) (4.29) 



of local systems on Q^^. 



In [U Section 3] Adolphson proved that A4a,c is an integrable connection on Q. Then 
by the surjective morphism A^a,c — -^ac — ^ ^A c ^^ ^^d that 5^ ^ is also an integrable 
connection on Q. This in particular implies that for any p ^ we have H'pSoIx{<Sa c) — 0. 
Hence we get 

i/;yf^.;/C:)^0 (p^O, zenn. (4.30) 

It follows also from the surjection A^a,c — > <Sac ^^^X we have an injection 

$ : K' - Hom2,^.„((5XJ"", Ox-) -^ Kom2,^.„((MA,c)^°, Ox^n). (4.31) 

By using the generator 

u = [l]e Ma,c = VxI{ J2 ^^^^.- + Yl ^^°^' (4-32) 

\l<«<n ^eKerAnZ^ / 

of A^A,c we regard 'Homx>j^^n{{-M.A,c)'^^, C'x^'") as a subsheaf of Ox^^- Then we have the 
following result. 

Theorem 4.5. Assume that the parameter vector c G C" zs nonresonant. Then the 
morphism $ induces an isomorphism 

W^ ~ nomv,U{MA,cr, Oxan) (4.33) 

o/ local systems on Vt^^. Moreover this isomorphism is given by the integral 



7 ^ <^ fi^" 3 ;2 



/ exp(^ 2jx'*(^'))xf ~^ ■ ■ ■ x^"-^rfxi A---Adxn\, (4.34) 



where for a continuous family 7 of rapid decay n-cycles in i7^" x T^^ and z G Vt^^ we 
denote by 7^ its restriction 7 fl t/^ to U z = qi^ {z) '2:i T . 

Note that this integral representation of the confluent A-hypergeometric functions 
T-Lomiy^^^^^M.A^cY^^Ox'^^) coincides with the one in Adolphson pj Equation (2.6)]. 

Proof. Recall that the sheaf T/omx^j^an ((A^a.c)'^'^; C>x^^) is a local system on Q'^'^. Moreover 
by pU Corollary 5.20] its rank is Volz(A). So it suffices to show that for any z G Q^^ the 
dimension of the n-th rapid decay homology group H^{Uz; /C*) is also Volz(A). Let 

Eu^^(f/.; /C:) := J2i-^y^^Hf{Uz; ICl) (4.35) 

pGZ 



be the rapid decay Euler characteristic. Then by (4.30) we have only to prove the equality 

Eu'\Uz; /C:) = (-l)"Volz(A). (4.36) 
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Let So be the dual fan of A in M" and S its smooth subdivision. Denote by Z^ the 
smooth toric variety associated to the fan S. Then Z^ is a smooth compactification of 
Uz — T such that Z^, \ f/^ is a normal crossing divisor. By using the non-degeneracy of the 
Laurent polynomial hz{x) = X]i=i Zjx"'^^\ as in |2Hl Section 3] we can construct a complex 

blow-up Z := Zj^ oi Zj] such that the meromorphic extension of h^ to it has no point 
of indeterminacy. For the reader's convenience, we briefly recall the construction of Z. 
Recall that T acts on Z^ and the T-orbits are parametrized by the cones in S. For a cone 
cr e S we denote by T^. ~ (^(C*)"--dim(T ^.j^g corresponding T-orbit. Let pi, . . . , p^ £ ^ be the 
rays i.e. the one-dimensional cones in S. By using the primitive vectors Ki G pin(Z"\{0}) 
on Pi we set 



m,; 



mini Ki 



a) >0. 



(4.37) 



We renumber pi, . . . , p^ so that rrij > if and only if 1 < i < / for some 1 < I < m. 
Then for any 1 < i < I the meromorphic extension of hz to Zy. has a pole of order rrii > 
along the toric divisor Di = Tp^ C Z^. By the non-degeneracy of hz the hypersurface 
hz^{0) C Z^ intersects Dj = Hi^jDi transversally for any subset / C {1,2, . . . ,m} such 
that /n{l, 2, ...,/} 7^ (see Definition |2.3 ). The meromorphic extension of hz has points 
of indeterminacy in u'^i(/i~^(0) fl Di). 




Figure 1. 



First we construct a tower of rrii co dimension-two blow-ups over h^^{0) fl Di (see 
Section 3] and [29| Section 3 and Lemma 4.9] for the details). Then the indeterminacy of 
hz over Di \ (Uj^iDj) is eliminated. By repeating this construction also over (the proper 
transforms of) D2,D^, . . . ,Di we finally obtain the desired proper morphism Z = Zy. — > 
Zy of Zy as the figure below. 
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z=z 




Figure 2. 

Now we can use this smooth coinpactification Z oi Uz — T and the normal crossing 
divisor Z^ := Z \ f/^ in it to define the rapid decay homology groups associated to the 



function gz{x) = exp{hz{x))x1 



ci- 



' ' Jy^ 



(see [Hi Section 2.1] etc.) 



above, the dotted curves stand for the irrelevant components of D. 
1 < i < I the inverse image of h~^{0) fl Di by the morphism Z = Z-^ - 
P^-bundles on it and only the last one among them is irrelevant. Let vr 
real oriented blow-up of Z^"^ along D^^ and set D = 7r^^(D™). Then, 
define the rapid decay homology groups H^^iUz', fC 



In the figure of Z 
Note that for any 
— )■ Zs is a union of 
: Z — ^ Z^° be the 
as in Section 3 we 



By defining Q G D etc. as in Proposition 
on [UzY'^ — T^'^ we obtain isomorphisms 



3.4 



by using tx : Z — 
for the local system C 



> Z^"^, D and Qz etc. 

C 



2^aii X -1 



■ xz 



K'iu.-x: 



Hp{T'''UQ,Q-L,{C)) (peZ) 



For 1 < z < / we define a face Fj -< A of A by 



Ti = {b e A \ {Ki,b) = min(fi;i,a)} 



aGA 



(4.38) 



(4.39) 



We call it the supporting face of pi in A. Denote by t^j > the normalized {n — 1)- 
dimensional volume Volz(Fj) G Z+ of Fj. Then the Fj-part h^^ of hz is naturally identified 
with the defining (Laurent) polynomial of the hypersurface Tp. n/i~^(0) in Tp^ ~ (C*)"~^. 
Moreover by the Bernstein-Khovanskii-Kouchnirenko theorem (see pTj etc.) its Euler 
characteristic is equal to (— l)"fj. Note that we have J2i=ii'^i ^ "^O = Volz(A). Then 
by applying Lemmas 3.5| and |3.6| and Mayer- Vietoris exact sequences for relative twisted 
homology groups to the geometric situation in Figure 2 above, we can easily calculate 
the rapid decay Euler characteristic Eu"^{Uz;ICl) = ^^^^{-l)PdimHp{T'''' U Q Q; l ^{C)) 
and prove the equality (4.36). This completes the proof of the isomorphism (4.33). Let 

Denote the distinguished section {q2Wo) ® e"" of the 
OxxTe'^ by t. Let ^xxt/x ®Oxxt ^ be the 

X. 



us prove the remaining assertion. 

integrable connection /C = {q^Tlc) ®Oxxt ^xxt<^ >~>y f^- j^^u "^xT/x 
relative algebraic de Rham complex of /C associated to the morphism gi 
Then we have an isomorphism 



CxxT 

X xT 



S 



A.c 



I lC^H-{{qM^XxT/x®Ox.T^)]- 

Jqi 



(4.40) 
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For a relative n-form oj G (Q'i)*^xxr/x denote by cl(ci; ® t) the section of S)^^^ which 
corresponds to the cohomology class [{qi)*{uj ®t)] G if"'{(gi)=K(r2^^j,/^ ®Oxxt ^)} ^y the 
above isomorphism. According to the result of [H], by the isomorphism 

Ut ^ Uom^^U{SlX. Ox^n) (4.41) 

of local systems on Q^'^, a family of rapid decay cycles 7 G W^ is sent to the section 

(5XJ'" 9 / ® cl(a; ® t) H— > i fi"" 9 z ^^ /(z) f exp(^ z,x'^(^'))a;5^-^ ■ ■ ■ x'-'^u 

(4.42) 
(/ G Ox^n) of 'Homx)^^n((5^^)^'^, Ox^'")- Then the remaining assertion follows from the 
lemma below. This completes the proof. D 

Remark 4.6. When G Int(A) the irrelevant components of D in the proof above are 
the last F^ -bundles on h~^{0)r\Di (1 < i < I = m). By the construction of the morphism 
Z = Zj] — )■ Zs we can easily see that for anyt G C the hypersurface h~^(t) C Z intersects 
them transver sally. 

Lemma 4.7. By the morphism 

Ma,c -^ si, ^ H- {{qiU^xxT/x ®o..T ^)] (4.43) 

the canonical section u = [1] G A^a,c is sent to the cohomology class c\{{dxiA- ■ ■/\dxn)®t). 

Proof. First note that the morphism ^^(X) : MaA^) - Ma,c ^ N^c — ^ S^^X) ~ 

Sa,c{Y) sends the canonical generator m = [1] G M.a,c{.X) to w = j=„(ly< t ® wq) G 

SA,ciX)- On the other hand, by (|4.20) we have an isomorphism 



Si, ^ H"" [(pi). {QxxY/x ®Ox.y {pISaA ®Oxx. Oxxyc'']] . (4.44) 



Then by Malgrange's simple proof [251 P^ge 135] of Theorem 4.3 via this isomorphism 



the section w G S\,{X) ~ SA,ciX) corresponds to the cohomology class 

[(Pi)* {{dCi A • • ■ A dCx) ® {vlw) ® e"}] . (4.45) 

Let jiXxT"— j-XxKbe the embedding induced by j. By the isomorphism 

Si, ~ H"" [(pi), {fi^xy/x ®Oxx. J* {Vx^Y^x^T ®xxT /C)}] (4.46) 

the above cohomology class corresponds to the one 

P-= [{pi)*{{dCiA---AdCN)®MlxxY^XxT®t)}] , (4.47) 

where the section Ixxy< xxt £ 1^xxy< xxt is defined similarly to 1y< t £ 1^y< t- 

Then it suffices to show that via the isomorphism 

^Ic^ [ /^=^ /^ (4-48) 
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the cohomology class p is sent to the one c\{{dxi A ■ ■ ■ A dxn) ® t) = [{qi)*{{dxi A ■ ■ ■ A 
dxn) ® t}] in 

I IC^H- {{qM^x.T/x ®o^.T ^)] ■ (4.49) 

Since X and X x "K are affine, we have only to prove that via the isomorphism 

H^'ViX X Y- a^^y/^ ®Oxx. fl^)^ ^"r(X X T; f]^,^/^ ®Oxxt ^) (4-50) 

the cohomology class 

[{dCi A ■ ■ ■ A rfCiv) ® UlxxY^XxT ® t)] (4.51) 

is sent to the one [{dxi A ■ ■ ■ A dXn) ® t]. Indeed, we have isomorphisms 

H'T{X X Y; n^+y^^ ®o.^^ fjC) (4.52) 

J] 

^ /7°r(X X r;p2"ifi^+- ®p-i^^ j.(g2"i^y^T ®,-i^, /C)) (4.53) 

^ ijOr(X X r; j4rV2-'fi?+- ®rip-io, (ga^'^y^T %i^, /C)}) (4.54) 
~ H'r{X X T; g2-'(j~'fi^+- ®r^o, I^y^t) ®,-^Vr ^) (4-55) 



by which the element \{dCi/\- ■ ■/\dC,N)®j*{^xxYi xxt®^)] is sent to the one [q2^{j^^{dCi/\ 

■ ■ ■ A rf^Af) ® ly< t} ® t\- Let P' -^^ /C be a free resolution of the left ©xxT-module /C. 

Since X x T is affine, we obtain a surjective homomorphism 

r(Xxr;P°) — ^r(XxT;/C) (4.56) 

and can take a lift i G r(X x T; P°) of t G r(X x T; /C). Moreover by the flatness of the 
right T'T-module Py< t and the well-known formula 

J-lfi^+- ®,-iOy Py^T ^ r'^^ ®^125, ^y^T ^ fi?^ (4.57) 

there exists an isomorphism 

H^V{X X T; g2-'(j-'fir- ®r^o^ ^^y^t) ®,-^Vr ^) (4-58) 

~ H^T{X X T; g2"^(j"'fiy+- ®,-Oy T^y^t) ®^-.j,^ V) (4.59) 

^ H^V{X X T; g^-'f^? ®,-i^, V') (4.60) 

by which [g^Hj~H'^Ci A • • • A dC^N) ® ly^r} ® t] is sent to [q^^^dxi A ■ ■ ■ A dXn) ® t]. 
Similarly, by the isomorphism 

H'T{X X T; g^-'f^T ®,-i,, ^0 ^ ^°r(X x T; fi^^T/x ®o.xt ^) (4-61) 

the element [g2^^((ixi A • ■ ■ A dxn) Cg) t] is sent to [{dxi A ■ ■ ■ A (ix„) 1]. This completes the 
proof. D 



As a corollary of Theorem 4.5, we recover the following Saito and Schulze-Walther's 
geometric (functorial) construction of Adolphson's confluent A-hypergeometric I^-module 
Ma,c on n C X = C^. 
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Corollary 4.8. (Saito JSB] and Schulze-Walther J^W . l4^]) Assume that the parameter 
vector c & C"" is nonresonant. Then we have an isomorphism M.a,c ~~^ '5^ c '^/ integrahle 
connections on Vt. In particular, A4.ac is an irreducible connection there. 



Ma c — -> ^4 , on the whole X. 



This result was first obtained in Saito joo] and Schulze-Walther j39j, |40j by using 
totally different methods. In fact, they proved moreover that we have an isomorphism 



Remark 4.9. Since Af^^c is regular holonomic by a theorem of Hotta 116], it is also regular 
at infinity in the sense of Daia J^. Then by using the Fourier-Sato transforms (see JT^ 
and 125] etc.), we can apply the main theorem of Daia ^ to get a topological construction 
of the sheaf of the confluent A-hypergeometric functions T-iomx) ^^^.{{M. a,cY^ ^ Ox^n) ■ This 
construction is valid even when the parameter c ^ C"" is not nonresonant. 

Example 4.10. Assume that n = 1 and T = C* . 

(i) If A = {1, —1} C Z our integral representation of the A-hypergeometric functions 
u{zi,Z2) on Cl is 

u{zi,Z2)= / exp{zix -\ )x'^~^dx. (4.62) 

By the restriction ofu{zi,Z2) by the injective map Q M- Cl, t i — )■ (|, — |) we obtain the 
classical Bessel function 

v(t) = / exp(— - —)x-''~^dx (4.63) 

for the parameter u = —c. 

(a) If A = {3, 1} C Z our integral representation of the A-hypergeometric functions 

u{zi,Z2) on Cl is 

u{zi, Z2) = / exp{zix^ + Z2x)x'^~^dx. (4.64) 

By the restriction of u{zi,Z2) by the injective map Q "-^ C^, t 1 — > (|, —t) we obtain the 

classical Airy function 

If x^ 

v{t) = / exp( tx)dx (4.65) 

2m J^(^--t) 3 

for c = 1 . 

5 Asymptotic expansions at infinity of confiuent A- 
hypergeometric functions 

In this section, assuming the condition G Int(A) we construct natural bases of the rapid 
decay homology groups {'H^n)^ — H^{Uz; /C*) and apply them to prove a formula for the 
asymptotic expansions at infinity of Adolphson's confluent A-hypergeometric functions. 
For the construction of them, we first prove that the following subset Qq of Q is open 



dense in X = C^ 



N 
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Definition 5.1. We define a subset Qq of Q G X = C^ by: z E Qq <^=^ z G Q and the 
Laurent polynomial hz{x) = J2j=i^j^"'^''^ ^'^^ ^''^^V non- degenerate (Morse) critical points 
inT = (C*)". 



It is clear that Qq G X = C^ is stable by the multiplication of C* (i.e. homothecy) 
on X = Cf . Let 6(1), 6(2), . . . , b{n) e A be elements of A such that {6(1), 6(2), . . . , b{n)} 
is a basis of the vector space M". By our assumption that A generates Z", we can take 
such elements of A. 

Proposition 5.2. Let h{x) = X]7=i ZjX"'^^^ be a Laurent polynomial with support in A G 
Z" on T = (C*)". Assume that h is non- degenerate i.e. z = {zi,Z2, ■ ■ ■ ,zn) G Q. Then 
for generic a = (ai, 02, ... , «„) G C" the perturbation 

n 

h{x) = h{x) -^aix""^^ (5.1) 

of h is non- degenerate and has only non-degenerate (Morse) critical points in T . 

Proof. It is clear that h is non-degenerate for generic a G C" (see for example PSl Lemma 
5.2] etc.). Let /i, h-,- ■ ■ .In ^ (M")* be the dual basis of 6(1), 6(2), . . . , 6(n) and set 

N 

g,{x) = J2 k{a{j))z,x'^^^^-'^^ (^ = 1, 2, . . . , n). (5.2) 

Note that for a = (oi, 02, ... , a„) G M" we have 

n 

Y^liiaW), (j = l,2,...,n). (5.3) 



aj 



i=l 



Then we can easily prove the equality 

(xi — , . . . , x„ — ) = (x^«(^i - ai), . . . , x'^-\g^ - «„)) ■ 5, (5.4) 

where B G GLn{C) is an invertible matrix defined by B = (6jj)"j^^ = (6(i)j)"j=i. Hence 
we obtain 

, dh ^ ^ dh , , , , , , , 

{xGT 7^ X = ■ ■ ■ = 7^ X =0} = {xGT gAx) = a,- 1 < i < n)}. 5.5 

OXi OXn 

Moreover degenerate critical points of /i in T correspond to critical points x G T of the 
map {gi,g2, ■ ■ ■ ,gn) '■ T — > C" such that gi{x) = «« (1 < « < n). By the Bertini-Sard 
theorem, generic a = (ai, 02, • • • , «n) ^ C" are not such critical values. This implies 
that for generic a G C" the Laurent polynomial h has no degenerate critical point. This 
completes the proof. D 

Corollary 5.3. The subset Qq of Q is open dense in X = C^ and stable by the multipli- 
cation of C* (i.e. homothecy) on X = C^ . 
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Proposition 5.4. Assume that G Int(A). Then for any z & Qq the Laurent polynomial 
hz{x) = J2j=i ZjX""^^^ has exactly Volz(A) non- degenerate (Morse) critical points in T. 

Proof. Let us fix 2; G flo and set h{x) = hz{x). By an invertible matrix C G GLniC) we 
define new Laurent polynomials hi, h2, ..., hn on T hj 

{hi, ...,hn) = (^1 o— ' • • • ' ^n-Q — ) ■ C. (5.6) 

By our assumption G Int(A), taking sufficiently generic C we may assume that all the 
Newton polytopes oi hi, h2, ■ ■ ■ , hn are equal to A. Then for any face F -< A of A the set 

{x G T I h{{x) = ■■■ = hl{x) = 0} (5.7) 

coincides with that of the critical points of h^ in T. In this correspondence for the special 
case r = A, multiple roots of the equation hi{x) = ■ ■ ■ = hn{x) = in T correspond to 
degenerate critical points oi h : T — > C. But by our assumption z E fio there is no such 
point in T. Moreover by the non-degeneracy of h (<^==^ z G f2), for any face F -< A of A 
such that ^ F (i.e. F 7^ A when G Int(A)) we have 

{x G T I h\{x) = ■■■ = hl{x) = 0} = 0. (5.8) 

This means that the (0-dimensional) subvariety {x E T \ hi{x) = ■ ■ ■ = hn{x) = 0} of T 
is a non-degenerate complete intersection (for the definition, see ^\ Definition 2.7] and 
etc.). Then by Bernstein's theorem its cardinality is equal to Volz(A). D 



From now on, assuming the condition G Int(A), for any z E QqWB construct a natural 
basis of the rapid decay homology group {Wn)z — H^{Uz;JCl) by using the (relative) 
twisted Morse theory for the function Re(/i^) : T*^'^ — y M. For the twisted Morse theory 
and its applications to period integrals, we refer to Aomoto-Kita [2], Pajitnov [33] and 
Pham [31] etc. Our construction of the basis is similar to the ones of Dubrovin [5] and 
Tanabe-Ueda [12] etc. in the untwisted case. Note that by our assumption G Int(A) any 
parameter vector c G C"' is nonresonant. For z E Qq let a{i) G T (1 < i < Volz{Aj) be the 
non-degenerate (Morse) critical points of the Laurent polynomial hz(x) = '^j^i^jx"'^^^ in 



Proposition 5.4 By the Cauchy-Riemann equation, they are also non-degenerate (Morse) 
critical points of the real-valued function Iie{hz) '■ T^^'^ — > M. We can observe this 
fact more explicitly by taking a holomorphic Morse coordinate around each a{i) E T as 
follows. For a fixed 1 < i < Volz(A) let y = (yi, . . . , y„), yj = C,j + \f^-Vr]j (1 < j < ri) 
be a holomorphic Morse coordinate for h^ around its critical point aii) G T such that 
/i^(x) = hzioiii)) -|- y^ -|- 2/2 + ■ ■ ■ + 2/n i'^ ^ neighborhood of a{i) G T. Since we have 

Re(/^,)(x) = Re(/.,)(«(^)) + (C? + ■ ■ ■ + H) - (^? + ■ ■ ■ + ^^), (5.9) 

we regard the smooth submanifold {.^1 = ■ • ■ = ^„ = 0} in it as the stable manifold of the 
gradient flow of the Morse function Re(/iz) : T^'^ — > M in a neighborhood of aii) G T^'^ 
and denote it by Si . By shrinking Si if necessary, we may assume that Si is homeomorphic 
to the n-dimensional disk. For \ <i < Volz(A) let i?j C C be the ray in C defined by 

i?i = {A G C I ReA < Re(/i^)(«(i)), ImA = Im(/i^)(a(i))}. (5.10) 

20 



Namely Ri emanates from the critical value hz{a{i)) G C of /i^ and goes to the left in the 
complex plane C so that we have ReA — > — oo along it. By shrinking the stable manifold 
Si if necessary, we may assume also that the image of Si C T^^ by the map h^ : T^^ — )■ C 
is the closed interval 



RI = {\eRi\ Re{K){a{i)) - e < ReA < Re{h,){a{i))} 



(5.11) 



in Ri for some e > and hzidSi) is just the one point {hz{a{i)) — e} in Ri. We drag 
dSi ~ S"""^ over the complement of i?f in Ri to construct a tube Mi ~ (—00, 0] x S*""^ in 
jian_ ^pj^g^ 7j := S'j U Mj is a singular n-chain in T^^ whose boundary in the real oriented 
blow-up Z is contained in the subset Q C D. We thus constructed a rapid decay n-cycle 
7j in T^° for the function 



gz{x) = exp{hz{x))xl 



^'^~^ . . . rpCn 



(5.12) 



such that 



ill) 



^i\S,(z{xe T- 



SiCyi, (5.13) 

Re{h;,){x) < Re{hz){a{i)) - e} for some e > 0. (5.14) 



Theorem 5.5. In the situation as above (i.e. G Int(A) and z ^ Qq etc.), the elements 
[71], [72], • • • , [7voiz{A)] G {Wn)z — Hl^{Uz] /C*) form a basis of the rapid decay homology 
group Hl^Uz-.K)- 



Proof. We use the notations in Proposition 3.4 and the proof of Theorem 4.5 by setting 



tL-'^^anX-j • • • X^ 



Then by Proposition 3.4, for U^ =T we have an isomorphism 



Note that by (4.30) we have 

dimi7„(T^'^ U Q, Q; lX) = Volz(A) = ^{a{i)}. 
For t G M we define an open subset Tf'^ C T^^ of T^" by 

T^'' = {xe T^'^ I Re{hz){x) < t}. 



(5.15) 
(5.16) 
(5.17) 
(5.18) 



Then by Remark 4.6 for any t G M the closure of dT^^ C T^'^ in Z intersects each irrelevant 



divisor Di C Z transversally. This implies that for any p G Z and t << we have 

Hpirr U Q, Q- i,C) ~ 0. 
Moreover for any p G Z and t >> we have an isomorphism 

Hp{Tr U g, Q- lX) ^ HpiT'"'' U Q, Q; lX)- 



(5.19) 



(5.20) 



Now let —00 <ti<t2<---<tr< +00 be the critical values oiRe{hz) : T^ 



by Remark 4.6 for any p G Z and Si, S2 G M such that Si < S2, [si, S2] H {ti, ^2, 
we have a natural isomorphism 

Hp{T:^ U Q, Q; iX) ^ Hp{T:^ U Q, Q; iX). 



■i. Then 
(5.21) 
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For 1 < j < r let a{ii), a{i2), ■ ■ ■ , a(in ) £ T^^' be the critical points oiRe{hz) : T^ 

such that Iie{hz){a{iq)) = tj. Then, for sufficiently small < e << 1 we obtain a short 

exact sequence 

-^ i/„(T-_, U Q, Q- i,C) ^ if„(T- , U (U^ii^.J U g, Q- i,C) (5.22) 

-^ ©;ii/7„(:S^, 9^,,; 6,£) ^ (5.23) 



in view of (5.17), (5.19), (5.20) and the fact dim.Hn{Si^,dSi^]L^,C) = 1. Moreover 
the canonical generators [S'jJ G Hn{Si^,dSi^;L^C) ~ C can be lifted to the elements 
[7,J of HniTt;_, U (Ujii^ij U Q,Q;lX) C if„(T^" U Q,Q;i*£). This implies that 
[7i], [72], . . . , [7voi.{A)] e Hr.iT'^^ U Q, Q; i./:) form a basis of if„(T^° U Q, Q; i.£). D 

Note that for a connected open neighborhood V of the point z in (fio)^" the basis 



[71], . . . , [7voiz(A)] £ ij^n)z constructed in Theorem 5^ can be naturally extended to a 

yVolzCA)] 



family of the bases [7]"], . . . , [^y^^ fAi] ^ ("^n^)"; (""^ G l^) i.e. a basis of the local system 



Wn on \^. We can extend it so that V C (f^o)^'^ is stable by the multiplication of the 
group ]R>o on X = C^ and the rapid decay n-cycles 7]", . . . , 7vo1z(a) (""^ ^ ^) satisfy the 
conditions 

{i): _ Src^T. (5.24) 

(ii) : 7f \ 5f C {,T G T^'^ | Re(/i^)(a;) < Re{hy,){a{i)'") - e} for some e > 0, (5.25) 

where 5*^^ C T^^ is the stable manifold of the gradient flow of Iie{hyj) passing through its 
z-th non-degenerate critical point a;(z)"' G T^". For 1 < i < Volz(A) we define a confluent 
A-hypergeometric function Uj on V" C (^o)^" by 

r ^ 

Ui{w) = / exp( V] u;jx"^-'^)xf ^ • ■ ■ x^^'^dxi A ■ ■ ■ A dxn (5.26) 

for ly G l^. Then by applying the higher-dimensional saddle point (steepest descent) 
method to holomorphic Morse coordinates around the critical points of Re(/i^) : T^^ — y 
M. [w E V) in T^" we obtain the following result. For 5 > let A^ C C be the open sector 
in C deflned byA5 = {AGC| —S< argA < 6}. By taking a sufficiently small 6 > such 
that X ■ z E V for any A G A^ we set A := A^. 

Theorem 5.6. In the situation as above (i.e. G Int(A)j, if 6 > is sufficiently small, 
for any I < i < Volz(A) and \ E A we have an asymptotic expansion: 

r ^ _ 

Ui{\ ■ z) = exp(A y2 Zjx''^^'^)xl^ ^ ■■■ x^^'^dxi A ■ ■ ■ A dxn (5.27) 

~ {V^Ta{i)T~^ ■ ■ ■ a(On""^ X exp(A ■ h,{a{{))) (5.28) 

^■^^^^^^ I (5.29) 

as |A| — > +00 in the sector A, where Pi{z) G C are functions of z and 

is the Hessian of hz at x = a{i) G T^^. 
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X 



Proof. First, it is clear that for any A G A the critical points of the function R,e{hx.z) = 
Re(A ■ hz) : T^'^ — > M are a{{) (l < i < Volz(A)). Fix 1 < i < Vol^lA). Let y = 
{yi, . . . ,yn), yj = C,j + V~^Vj (1 ^ J ^ '^) be the holomorphic Morse coordinate for the 
function hz around its i-th critical point a{i) G T'^'^ such that hz{x) = hz{a{i)) + yl + 
■ ■ ■ + 1/n- For sufficiently small e > we define an open neighborhood W^ of a{i) G T^^ 
by W, = {y= (i/i, ...,!/„) I bil <e{l<3<n)}^ B{Q;e) x ■ ■ ■ x B{Q-e) C T^" and set 



St = {6 



^n = 0} = {77 G M" I \r],\ < £ (1 < J < n)} C We 



(5.31) 



in it. Then S^ is the stable manifold of the gradient fiow of the function 'Re{hz) passing 
through its non-degenerate critical point a{i) G T**". For A = lAje^'^^ G A C C {—5 < 

9 = argA < 6) we set {y[, . . . , y'^) = {e^^^yi, . . . , e^2^|/„). Then the Laurent polynomial 
hx-z = ^ ■ hz can be rewritten as 



hx..{x) = A ■ hziait)) + \X\{y[f + ■■■ + \X\{y'J'. 
By setting y'j = ^j + \f^^r(^ (1 < j < '^) we see also that the subset 

S^-' = {el = ■ ■ ■ = e; = 0} = {V e K" I %\ < 5 (1 < J < n)} C We 



(5.32) 



(5.33) 



of We is the stable manifold of the gradient fiow of Re(/iA-z) through a(i) G T^". By our 
construction of the rapid decay n-cycle 7^^'^ we may assume that S}'''^ C ^^'^ and 



Re(/iA.^)(a;) - Re(/iA.^)(a(i)) < -£^|A|, \m^{hx.z){x) = lm{hx.z){a{i)) 



(5.34) 



for any x G 7^^'^ \ S*/*'^. We may assume also that for any A, A' G A such that argA = argA' 
we have 7/*'^ = 7^^ '^. This implies that (if 5 > is sufficiently small) there exists a positive 
real numbers C > such that 



for any A G A. Then we have 



exp{hz{x) — hz{a{i)))xl^ ■ ■ ■ x'^ dxi A ■ ■ ■ A dxn 



<C 



(5.35) 



/ 



X 



e:icp{\ ■ hz{x))x''i ^ ■ ■ ■ x'^ ^dxi /\ ■ ■ ■ /\dxn = | exp(A • /^^(^(i)))! (5.36) 

exp(A ■ {hz{x) - hz{a{i))})x'!^''' ■■■x^""Mxi A ■■■ ^dxn (5.37) 

< C\ exp(A ■ hz{a{i)))\ x sup exp{— — (/iA.2(a:) - hx.z{a{i)))] (5.38) 

<C|exp(A-/i,(a(0))| xexp(-^|A|) (5.39) 

for any A G A satisfying |A| >> 0. Hence, to prove the theorem, it suffices to calculate 
the asymptotic expansion of the integral 



Ui{\ ■ z) 



r ^ 

/ exp(A V Zjx''^^^)xl'-^ ■ ■ ■ x'^--^dx 

•^^i 7 = 1 



1 A ■ • ■ A dxr. 



(5.40) 
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as |A| — )■ +00 in the sector A. For the Morse coordinate y = {yi, . . . , yn) of h^ we can 
easily show 

dyA ^ [hM 

Also by using the coordinate y = (yi, . . . , ?/„) set 



det 



(5.41) 



fiyi,...,yn) ■=x'l 



ci-l ™c„-l 



iX/„ 



X det 



dyk 



and let 



f{y^,...,yr.)= J^ faV" (/a G C) 



(5.42) 
(5.43) 



aeZ!f: 



be its Taylor expansion at y = i.e. x = a{i). Then by (5.41) we obtain 

/o = /(o,...,o) = «(or' 



«(0n" 'X 



(5.44) 



Now the restriction of the n-form 

exp(A • hz{x))x1^^'^ ■ ■ ■ x'^~^dxi A • • • A dxn 

to the stable manifold 5"^^'^ = {r^' G M" | \r]j\<e{l<j<n)}cW^ has the following 
form: 

(v^)"e-^^^ exp {A ■ K{a{z)) - {XUf I^Kr^;)^} 



(5.45) 



X 



E/" 



e ^~ ■ {y^vY 



aeZ" 



dri[ A ■ ■ ■ A drj'j^. 



For any a = (ai, . . . , a„) G Z" we can show that the integral of the ra-form 

coa := iV^re-''^ exp {A • Kia{{}) - {XUf \\\{v'r.r} 

xfa ■ e-"^^^ ■ {V^ri'Ydri[ A ■ ■ ■ A dr]'^ 
over the whole M", is equal to 

(v/^)"A-t exp(A ■ Kiam x /, • A"^ 
X / exp(-ti tl){y/^tYdti A--- Adtn 

by setting (ti, . . . , t„) = (a/]A|Vi5 ■ • • 5 ylMv'n)- Note that the integral 

■ ■ - tDiV^tydti A--- Adtn 



exp(— t^ 



(5.46) 
(5.47) 

(5.48) 
(5.49) 

(5.50) 
(5.51) 

(5.52) 



is zero if Oj G Z+ is odd for some 1 < i < n. As the previous part of this proof, we can 
show also that there exists M > such that 

r-2 



Wn 



>\5^ 



< M\ exp(A ■ h,{a{^))\ x exp(--|A|) 



(5.53) 



for any A G A satisfying |A| >> 0. Then the result follows immediately from (5.44). This 
completes the proof. D 



24 



Remark 5.7. If z & Qq and the critical point a{i) ofR.e{hz) : T**" — y M in T^^ is given, 
by using the holomorphic Morse coordinate in the proof above we can calculate also the 
coefficients f3i{z), f32{z) , . . . E C explicitly. 

For the point z E Qq let 

h, = {X-zeX = C^ \XeC}c^Cx (5.54) 

be the complex line in X = C^ passing through z G Qq. Then by Theorems 5.5 and 



5.6 we can observe Stokes phenomena for the restrictions MjIl^ of the functions Ui (1 < 



i < Volz(A)) to the line L^ ~ Ca. Indeed, by Theorem 5.6 the dominance ordering of 
the functions MjIl^ at infinity (i.e. where |A| >> 0) changes as arg(A) increases. More 
precisely, the asymptotic expansions at infinity of the restrictions of the A-hypergeometric 
functions to L^ ~ Ca may jump at the Stokes lines: 

{A G C I Re [A ■ {/i,(«(0) - Kia{j))}] = 0} (^ ^ j). (5.55) 

It would be an interesting problem to determine the Stokes multipliers in this case. 

6 The two-dimensional case 

In this section, we shall construct a natural basis of the rapid decay homology group 
Hn{T^^ U Q,Q;i^:C) in the two-dimensional case i.e. n = 2. First, we prepare some 
elementary results on relative twisted homology groups. Set Z = C^^ ^^ and let ho be the 
meromorphic function on Z^" defined by 

ho{xi,X2) = ^^ ^^ (mi,m2GZ>o). (6.1) 

1 2 

Let vTo : Zo — > Z'^^ be the real orient^ blow-up of Z^"^ along the normal crossing divisor 
L)an ^ 1^^ = 0} U {X2 = 0} and set Dq = ttq\D^'') C Zq and U^"" = Z^" Vpg'^ ~ (C*)^. 
By the inclusion map lq : [/q" m- Zq we consider Uq^ as an open subset of Zq and set 



PQ = Dor\{xe U^"" I Rehoix) > 0} (6.2) 

and Qo = Dq\Pq. Finally let Cq be the local system of rank one on [/q" defined by 

Co = Cf;a„xf x^^ (/3 = (/3i, /32) G C^). (6.3) 



Then by homotopy and Lemma 3.6 we obtain the following lemma 



Lemma 6.1. (i) For < £ << 1 set 

f/-(e) = {x = {xi, X2) G ?7o"" I £ < |xi| < -} C t/o"°. (6.4) 

Then for any p G Z the natural morphism 

Hp{K\e) U go, Qo; {io)X^) -^ Hp{U^^ U Qo, Qo; (^o)*/:o) (6.5) 

is an isomorphism. 

(a) Assume that (5 = (/3i,/32) G C^ satisfies the condition r?7,2/3i — rnil32 ^ Z. Then we 

have 

Hp{U^-UQo,Qo;iio)Xo)-0 (6.6) 

for any p E Z. 
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Proof. The assertion (i) can be easily shown by homotopy. We will prove (ii). Let S^ 
be the unit circle {xi G C | |a;i| = 1} in C;J,^. Then by (i) and homotopy we have an 
isomorphism 

Hp{{S' X c*) u go, Qo; (^o)*>Co) ^ H,{U^'^ u go, Qo; MXo) (6.7) 



for any p G Z. Let us take the base point e := 1 E S^ oi S^ . Then by Lemma 3.6 we have 



Hp{{{e} X C*) U Qo, Qo; (^o)*^o) - (6.8) 

for p 7^ 1 and there exists a natural basis [71], . . . , [7^3] of iJi(({e} x C*) U 
Qo,Qo;iLo)Xo)^C'^'. Let 

^0 : ^i(({e} X C*) U go, Qo; MXo) ^^ ^i(({e} x C*) U Qo, Qo; MXo) (6.9) 

be the linear automorphism, i.e. the monodromy of Hi{{{e} x C*) U Qo,Qq',{1'o)*^o) 
induced by the (clockwise) rotation along the circle S^. By the matrix representation of 
\l/o with respect to the basis [71], . . . , [7m2] we see that the eigenvalues of \l/o are contained 
in the set 

{t G C I t^^ = exp[2n^/^{m2|3l - mi/^a)] } . (6.10) 

In particular, our assumption m2(3i — miP2 ^ ^ implies that id — \l/o is an automorphism 
of Hi{{{e} X C*) U Qo, Qo; ('•o)*'Co). Now for < £ << 1 we define two arcs G± C S'^ in 
^^by 

G± = {xieS^ \ ± Rexi > -£|Imxi|} C S\ (6.11) 

Then S^ = G^ U G_ . By the Mayer- Vietoris exact sequence for relative twisted homology 
groups associated to the open covering S^ xC* = ((?+ x C*) U (G_ x C*) of S*"^ x C* we can 
calculate Hp{{S^ x C*) U Qo, Qo; iio)*jCo) (p e Z) from Hp{{G± x C*) U Qo, Qo; MXo) ^ 
Hp{{{e} X C*) U Qo, Qo; {i^o)*'^o) (p G Z). Then the assertion (ii) follows from the invert- 
ibility of id - ^0. □ 

Next consider the meromorphic function hi on Z^"^ = C^ defined by 

where Ai, . . . , A^ are distinct non-zero complex numbers. Let tti : Zi — > Z^^ be the real 
oriented blow-up of Z™ along Df^ = U^^^jxi = Aj} U {xi = 0} U {x2 = 0} and define 

DiC^i, ii : f/r = Z^"" \ Df ^Zy, PiC Di and Qi = Di\ Pi as above. Moreover let 
£1 be the local system of rank one on f/f^ defined by 

k 

£1 = C^anxf xf^ Hixi - \f^ (/3 = (/3i, P2) G C^ /3' = (/3;, . . . , P',) G C^). (6.13) 



Then by the proof of Lemma 6.1 (ii) and Mayer- Vietoris exact sequences for relative 



twisted homology groups we obtain the following proposition. 
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Proposition 6.2. (i) For < e « 1 set 

U^'\e) = {(a;i,X2) G f/^ | e < |si| < -, \xi - Xj\ >e {I < j < k)} C t/f". (6.14) 
Then for any p G Z the natural morphism 

HpiU^ie) U Qi, Qi; {li)Xi) — ^ HpiU^ U Qi, Qi; (.i)*£i) (6.15) 

is an isomorphism. 

(ii) Assume that k > I and (3 = (/3i,/32) G C^, /?' = (/?;,..., /3^) g C^' satisfy the 

conditions m2(3i — mi/32 ^ ^ o^^t? '^2/3j- — '^j/32 ^ ^ /or any 1 < j < k. Then we have 

dimH,{UruQi,Qi;M*^i) = \\'''^' J^lJl' (6.16) 

[0 (p ^ 2) 

and can explicitly construct a basis of the vector space H2{Uf^ U Qi, Qi; (ii)*£i) over C 
In the special but important case wliere k > 2 and ni = n2 = ■ ■ ■ = Uk > 0, we can 



construct tlie basis of if2(t^f" U QijQi; {i'i)*^i) in Proposition 6.2 (ii) very elegantly as 
follows. By homotopy we may assume that \j = exp{^^/—l) (1 < j < /c) from the first. 
For 1 < j < A; let Gj C S*^ = {xi G C | |a;i| = 1} be the arc in the unit circle S^ between 
the two points Xj, A^+i G S^, where we set A^+i = Ai. For sufficiently small e > let Fj 
be the boundary of the set 

B{Xf, e) U Gj U fi(Aj+i; e) C C^^ (6.17) 

and denote the central point of the arc Gj by Cj G Gj. We regard Cj G Fj as the base 



point of the one-dimensional complex Fj. Then by Lemma 3.6 we have 

Hpiiiej} X C*) U Qi, Qu {li)Xi) ^ (6.18) 

for p 7^ 1 and there exists a natural basis [7ji], • • • , [7jm2] of Hi{{{ej} x C*) U 



QiiQi] {t'i)*^i) — C™^. Moreover by the proof of Lemma 6.1 (ii) and Mayer- Vietoris 
exact sequences we obtain 

HpiiF, X C*) U Qi, Qi; {li)Xi) - (6.19) 

for p 7^ 2. Now we start from the base point Cj G Fj, draw the figure 8 along Fj and come 
back to the same place Cj G Fj. By our assumption Uj = n^+i we can drag the twisted 
chains 7^1, ... , 7jm2 over the figure 8 (keeping their end points in the rapid decay direction 
Qi of exp(/ii)) to get a basis [Sji], ..., [Sj^,] of H2i{Fj x C*) U Qi,Qi; iLi)Xi) ^ C""^- 



On the other hand, by Proposition 6.2 (i) and homotopy there exists an isomorphism 

HM^U^,) X C*} U Qi, Q,; {l,)Xi) ^^ H,{Ur U Qu Qi; {h)Xi) (6.20) 

for any p G Z. Moreover it follows from our assumption m2(3': — njP2 ^ Z that we have 

Hp{{{F^ n F,_i) X C*} U Qi, Qi; {ii)Xi) ^ (6.21) 

for any I < j < k and p G Z. Hence by the Mayer- Vietoris exact sequences associated 
to the covering (U^^^Fj) x C* = U^^i(Fj x C*) of (U^^^Fj) x C* we obtain the following 
result. 
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Proposition 6.3. Assume that k > 2, rii = n2 = ■ ■ ■ = n^ > and (3 = (/3i,/32) ^ C^, 
/3' = {f3[, . . . , f3'j^) G C'^ satisfy the condition m2f3j — niP-i ^ Z for I < j < k. Then the 
elements [Sji], . . . , [Sjmi] ^ H2(U'^^ U Qi.Qi, {li)^Ci) (I < j < k) constructed above are 
linearly independent over C and form a basis of H2{Ul^ U Qi, Qi, (6i)=k£i). 

Now let us return to our original situation in Sections |4] and |5] in the two-dimensional 
case. For ^ G fi we define Q G D C Z in the real oriented blow-up it : Z — > Z'^'^ of Z'^ 



(Zs)*^" as in the proof of Theorem 4.5 For the local system £ = CranxJ^^ x'^2~ o'^ ^^"^ "^^ 
shall construct a basis of the rapid decay homology group H^^iT^'^) := H2(T^^UQ , Q; t^:C). 
By abuse of notations, for an open subset W of T^"^ and p G Z we set 

Hf{W) := HpiW U Q, Q- lX) (6.22) 

for short. Recall that S is a smooth subdivision of the dual fan of A = conv({0} UA) C M^ 
and pi,. . . ,pi G S are the rays i.e. the one-dimensional cones in S which correspond to 
the relevant divisors Di,...,Di in Z = Z^,. We renumber pi,...,pi in the clockwise 
order so that we have Di fl -Dj+i 7^ for any 1 < i < I — 1. By the primitive vector 
Kj G Pi n (Z^ \ {0}) on Pi the order mj > of the pole of hz{x) = J2j=i Zjx""^^^ along Di 
is explicitly given by 

mj = — min(/€j, a). (6.23) 

For 1 < z < / we set 

A = (ft:„(ci-l,C2-l))GC. (6.24) 

Then at each point of Di \ (Uj^iDj) there exists a local coordinate system (7/1,1/2) of 
Zy: such that Dj = {yi = 0} and the function xl^~ x'^2~ -has the form |/f\ Namely the 
function x'^^~^x'^2~^ has the order /3j G C along Di. By the non- degeneracy of h^ the 
complex curve ^^^(0) C Z^, intersects each relevant divisor Di transversally. Set Vi = 
tl(-Dj n h^^{0)) > and {qn, . . . , gj„.} = Did h~^{0). By our construction of the complex 
blow-up Z = Zy; — > Zy of Zy, the fiber of the point qij is a union Eij = Eiji U ■ • • U Eij^m 
of exceptional divisors Eijk — P^ along which hz has a pole of order rrij — k. See Figure 3 
below. Moreover the order of the function x'{^~ x'^2~ along Eij^ is A for any 1 < fc < vni. 
Let Tj ~ C* C -Dj be the one-dimensional T-orbit in Zy which corresponds to pi and 
denote by the same letter Tj its strict transform in the blow-up Z = Zy- Assume that 



Pi ^ Z {1 < i < I) and mi+ijSi — mijSi+i ^ Z (1 < z < / — 1). Then by Propositions 6.2 



ii) and 6.3 there exists a sufficiently small neighborhood Wi of Tf'^ in Z^"^ such that for 



its open subset W° = Win T^^ C T""" we have 

dim<(iy,°) = ^ " ^^ ;^ = 2|' (6.25) 

^ ^ '^ I (p^2). ^ ^ 

Furthermore we can explicitly construct a basis 6ijk G if|'^(iyj°) (1 < J < fj, 1 < A; < m,j) 
of the vector space Hf{W°) = H2{W° U Q, Q; t*£) over C. 
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Figure 3. 

Theorem 6.4. Assume that c = (ci,C2) G C^ is nonresonant, Pi ^ li (1 < i < I) and 

^^i+iPi — ^^iPi+1 ^ ^ A — ^ — ^ ~ 1/ Then the natural morphisms 

Qi : Hf{W°) -^ HfiT'"'') {l<i<l) 



are injective and induce an isomorphism 



iff(T^ 



(6.26) 



(6.27) 



In particular, the cycles ^ijk ■= Qi{5ijk) G HliT'"^^) (1 < i < I, 1 < j < Vi, 1 < k < rrii) 
form a basis of the vector space H^{T'^^) = H2{T^^ U Q, Q; t^C) over C 



Proof. By the repeated use of Lemma 6.1 (i) and homotopy, we can find a smaU neigh- 
borhood Wi of Tf^ U VfjL^{Eff' \ Eff"^.) in Z'^'^ containing Wi such that for its open subset 
W° = Win T^" C T""" the natural morphism 



rd/ 



Hl%^^) -^ h;%w,° 



(6.28) 



is an isomorphism for any p G Z. By our assumption (ci,C2) ^ Z^ we have the vanishing 
of the usual twisted homology group ifp(T^°; C) for any p G Z. Similarly we obtain the 
vanishings of Hp(W°; C) etc. Then the assertion can be proved by patching these results 



with the help of Lemma 6.1| (i) and Mayer- Vietoris exact sequences of relative twisted 
homology groups. D 

Let Fj -< A be the supporting face of p^ in A. Then the lattice length of Fj is equal 



to f j > and we have the equality X]i=i('^« ^ "^j 
of Theorem 16.41 



Volz(A) as expected from the result 



7 Higher-dimensional cases 

In this section, we shall extend the construction of the basis of the rapid decay homol- 
ogy group Hn(T^^ U Q,Q; l*C) for n = 2 in Section |6] to higher-dimensional cases. Let 
To = (C*)^ be a /i;-dimensional algebraic torus and hQ{x) a Laurent polynomial on it 
whose Newton polytope Aq = iVP(/io) C M^ is fc-dimensional. We assume that Hq is 
non-degenerate in the sense of Kouchnirenko |23]- Namely we impose the condition in 



Definition 2.3 for any face F -< Aq of Aq. 



29 



Proposition 7.1. In the situation as above, for generic a = (ai, . . . , a^) G C'^ the (possibly 
multi-valued) function g{a, x) = ho{x)x~'^ on Tq has exactly Volz(Ao) critical points in Tq 
and all of them are non-degenerate (i.e. of Morse type) and contained in Tq \ {Hq = 0} = 
{x e To I g{a,x) ^ 0}. 

Proof. For 1 < i < k set di = dx^- Then for a; G Tq we have 

dig{a,x) = <^=^ Xidiho{x) — aiho{x) = 0. (7.1) 



Since the hypersurface {Hq = 0} C Tq is smooth, by (7.1) all the critical points of the 
function g{a, *) are contained in Tq \ {Hq = 0}. Set fi{a,x) = XidihQ^x) — aj/io(a;). Then 
by Bernstein's theorem we have 

^{x G To I fi{a, x) = il<i<k)} = Volz(Ao) (7.2) 

if the Newton polytopes NP{fi{a, *)) of the Laurent polynomials fi{a, *) (1 < i < fc) are 
equal to Ao and the subvariety i^ = {a; G Tq | fi{a,x) = {I < i < k)} of Tq is a non- 
degenerate complete intersection (see [32] etc.). From now on, we will show that these two 
conditions are satisfied for generic a G C'^. First of all, it is clear that NP{fi{a, *)) = Ao 
[1 < i < k) for generic a G C^. Note that x & Tq is in K if and only if x G Tq \ {Hq = 0} 
and 

XidihQyx) /I ^ ■ / ; \ /^ o\ 

that is, a; G To \ {Hq = 0} is sent to the point a G C'^ by the map To \ {Hq = 0} — )• C*^ 
defined by 

f xidihQ{x) XkdkhQ{x) \ 

"""^y hQix) ' ' hQix) )■ ^'■^' 

By the Bertini-Sard theorem generic a G C*^ are regular values of this map. If a G C*^ is 
such a point, we can easily show that det{djfi{a, x)}^j^^ 7^ for any x E K C Tq\ {Hq = 
0}. Now let F ^ Aq be a proper face of Aq. Then for generic a G C^ we have 

{s G To I fi{a, xf = (1 < i < A;)} = 0. (7.5) 

Indeed, let us assume the converse. Then the first projection from the variety 

{{a,x)eC'' xTq\ fi{a,xf = {I < i < k)} C C'' x Tq (7.6) 

to C'^ is dominant. Moreover by F 7^ Aq this variety is quasi-homogeneous with respect 
to the second variables x = {xi, . . . ,Xk). In particular, its dimension is greater than k. 
Then by considering the second projection from it to To, we find that there exist x G To 
and a 7^ a' G C'^ such that fi{a, x)^ = fi{a', x)^ = for any 1 < i < k. Namely we have 

Xidihlix) - aihlix) = (1 < i < A;) (7.7) 

and 

Xidihlix) - a./ij)(x) = (1 < i < A;). (7.8) 



Comparing (|7.7[) with (7.8) for 1 < i < A; such that a^ 7^ a[, we obtain /io(x) = dih^^x) 



dkh^{x) = for the point a; G To. This contradicts our assumption that the 
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Laurent polynomial h^ is non-degenerate. We thus proved that the subvariety K = {x & 
Tq I fi{a,x) = (1 < ^ < k)} of To is a non-degenerate complete intersection and its 
cardinality is Vola(Ao) for generic a G C'^. Let us fix such a point a G C'^. Recall that 
K = {x & To \ fi{a,x) =0 (1 < « < k)} is the set of the critical points of the function 
g{a, *) in Tq \ {ho = 0}. At such a critical point x G Tq \ {ho = 0} we have 

(a,a;) = dj < fi{a,x) \ = djfi{a,x) . (7.9) 






Since det{dj fi{a, x)}^ ^^i 7^ 0, we obtain 



det<'-^^(a,x)l ^0. (7.10) 



Namely all the critical points of the function g{a, *) are non-degenerate. D 

Let ho be as above and Co a local system of rank one on T(^^ defined by 

£0 = CT^anxf ■■■xf'= (/3 = (/3i,...,/3fc) G C). (7.11) 

From now on, we will calculate the twisted homology groups HpiT^^ \ {ho = 0}^^; Co) 
{p G Z) by using our twisted Morse theory. Taking a sufficiently generic a G Int(Ao) C M*^ 



we set hi{x) = ho{x)x~°'. Then by Proposition 7.1 the real-valued function / := |/ii|~^ : 
Tq"^ \ {ho = 0}^"^ — y M has only Volz(Ao) non-degenerate (Morse) critical points in 
M := Tq"^ \ {ho = 0}^^. Moreover we can easily verify that the index of such a critical 
point is always k. For t G ]R>o we define an open subset Mt C M of M by 

Mt = {xeM \ f{x) = \hi\-\x) < t}. (7.12) 

Then we have the following result. 

Proposition 7.2. For generic (3 = (/3i, . . . , f3k) G C'^ and < e « 1 we have 

Hp{M,;Co)-0 (7.13) 

for any p G Z. 

Proof. Let S' be a smooth subdivision of the dual fan of Aq and Z^' the (smooth) toric 
variety associated to it. Then the divisor at infinity D' = Z^,/ \To is normal crossing. By 
the non-degeneracy of ho the divisor ho^{0)UD' is also normal crossing in a neighborhood 
of D'. Moreover by the condition a G Int(Ao) the neighborhood M^ U (D' \ /iq ^(0)) of 
D' \ /ig ^(0) retracts to D' \ /ig ^(0) as e — > +0. Since for generic (3 E C^ the local system 
Co has a non-trivial monodromy around each irreducible component of D' , the assertion 
follows. n 



By this proposition we can apply the argument in the proof of Theorem 5.5 to the 
Morse function / = |/ii|~^ : M = Tq^ \ {ho = 0}''° — )■ M and obtain the following 
theorem. 
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Theorem 7.3. For generic (5 = {Pi, . . . , Pk) G C*^ we have 

di,„/f,(rr\{A„ = or;£„) = ^*(^°) J=J;J- (7.14) 

and there exists a basis of Hk{TQ'^\{ho = 0}^"; Cq) indexed by the Volz(Ao) non- degenerate 
(Morse) critical points of the (possibly multi-valued) function hi{x) = hQ{x)x~°' in Tq \ 
{ho = 0}. 



Note that Theorem 7.3 partiaUy solves the famous problem in the paper Gelfand- 



Kapranov-Zelevinsky [TO] of constructing a basis of the twisted homology group in their 



integral representation of A-hypergeometric functions. Indeed Theorem |7.3| holds even if 
we replace the local system Cq with the one 

Ci = CTan\|^„=o}-/io(a:)"xf ■ ■ ■ x^" (a G C, /3 = (ft, ...,l3k)e C^) (7.15) 

on Tq^" \ {ho = 0}^". 

Now we return to our original situation in Sections |4] and |5| We fix a point z & Q and 
define Q G D G Z etc . in the real oriented blow-up vr : Z — > Z^^ of Z'^^ = {Zy.Y'^ as in 
the proof of Theorem 4.5 For the local system C = C-ranX^^^^ ■ ■ ■ x^"~^ on T^^ we shall 



construct a basis of the rapid decay homology group H^{T^^) := HniT'"^^ U Q,Q]i*C). 
As in Section |6j for an open subset W of T^^ and p G Z we set 

Hf{W) := Hp{W U Q, Q; lX) (7.16) 

for short. Recall that pi, . . . , pi are tjie rays in the smooth fan S which correspond to the 
relevant divisors Di, ... ,Di in Z = Z^.- By the primitive vector Ki G piH (Z" \ {0}) on pi 
the order mi > oi the pole of hz{x) = Xlfci Zjx"'^^'^ along Di is explicitly described by 

mj = — min(/€j, a). (7-17) 

agA 



By the non- degeneracy of h^ the complex hypersurface h~^{fi) G Zy. intersects each rel- 
evant divisor Di transversally. Let T, ~ (C*)"^^ C Di be the T-orbit in Z^. which 
corresponds to pi and denote by the same letter Tj its strict transform in the blow-up 
Z = Zy,. Recall also that for \ < i < I the Euler characteristic of the hypersurface 
{hl^ = 0} = Ti n /i-i(O) in Ti is equal to (-1)"^;^ = (-l)"Volz(r,). Let y = {y^ . . . , 2/„) 
be the coordinates on an affine chart t/j ~ C" C Zy. of Zy containing Tj such that 
Ti = {?/„ = 0} and C ~ Cr^ny^' ■ ■ -yn-ivt- Define a local system d on 7;^° by 
Ci = Crryf^ ■ ■ ■ yt'i' . 

Proposition 7.4. // (/3i, . . . , Pn-i) G C"^"*^ is generic, we have 

dimH,{Tr\{hl^=Or;C,) = r J^ ^ "" ~ |J' (7.18) 

10 [p f^ n — 1) 

and can construct a basis of Hn-i(T^^ \ {h^' = 0}^"; £j) by the twisted Morse theory. 
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Proof. If dimrj = n — 1 (<^=^ fj > 0), the assertion follows immediately from Theorem 



7^ If dimli < n-1 (^^ v^ = 0), we have T^^"" \ {h^^ = 0}^'^ ~ C* x VT for an open 
subset W of (C*)*^"^. Hence for generic (/3i, . . . , (3n-i) G C""^ there exists an isomorphism 
HpiTt"" \ {hl^ = 0}^°; Ci) ~ for any p E Z. D 

Similarly we can prove also the following proposition. 

Proposition 7.5. For each generic parameter vector c G C" and I < i < I there exists 
a sufficiently small neighborhood W-i of T^^ in Z^^ such that for its open subset W° = 
Wi n T^'^ C r^° we have 

dimff-ai^') = (y "' <" = ";• (7.19) 

10 [p ^ n). 

and can construct a basis 6ijk G H^{W°) (1 < j < Vi, I < k < nii) of H^^{W°) = 
Hn{W° U Q, Q; L^C) by the twisted Morse theory. 



Proof. Let fi : T^"" \ {hl^ = 0^ — ^ M be the function on Tf" \ {h^^ = 0}^" defined by 
fi{x) = |/i^'(x)x~"|~^ for a sufficiently generic a G Int(rj) C M"^"*^. Then by Proposition 



7.1 the function /« has only Vi non- degenerate (Morse) critical points in Tf" \ {h^^ = 0}^°. 
By the product decomposition U^^ ~ C^ = CJ^~^ y^_^ x Cy^ we consider /« also as a 
function on the open subset 

u: = {rr \ {hi^ = or) x c,„ c ur iym 

of t/f". For t G M>o we set 

W°={yeU°nW°\f,{y)<t}. (7.21) 



Then it follows from Lemma 6.1 (i) that by shrinking Wi and taking large enough to >> 1 
we obtain isomorphisms 

Hl\WlJ^Hf{W:) ipeZ). (7.22) 



In the same way as the proof of Proposition |7.2| for generic c G C" and sufficiently small 

< £ « 1 we can show that Hf{W°^) ~ (p G Z). Let < ti < ts < ■ ■ ■ < ^r < +oo 
be the critical values of fi : Tf° \ {h^' = 0}''° — > R. We may assume that tr < to- For 

1 < j < r let a(l), q;(2), . . . , a{nj) G Zf^yj/i^' = 0}'''' be the critical points of fi such that 
fi{a{q)) = tj. Then for sufficiently small < £ << 1 there exists a long exact sequence 

-^ K'm^^e) ^ K'm^+e) -^ (7.23) 

oZiHniiS; X B;) U g, (dS, x B;) U Q; lX) -^ , (7.24) 

where Sq C T^^ \ {/i^* = 0}'^'^ is the stable manifold of the gradient flow of fi passing 
through its critical point a{q) G T^^ \ {/i^^ = 0}'^'^ and 5* C C*_^ is the punctured 
disk {yn G C I < |?/„| < e}. Moreover we assume here that Sq are homeomorphic to 



the (n — l)-dimensional disk. Then by Lemma 3.6 the dimension of the vector space 
Hn{(Sq X Bl) U Q, {dSq X Bl) U Q; lX) is nn. As a result we obtain Y!i=i dimif;^(l^°) < 



Y!i=i{vi X mi) = Volz(A) = dimi7;'^(T^'^) (see ( |430| ). Since for generic c G C" we 
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have the vanishings of the usual twisted homology groups Hp{T^^] C) and Hp{W°; C) etc., 
by Mayer- Vietoris exact sequences for relative twisted homology groups we obtain also 
isomorphisms 



^l UTTd/TT/ox ~. iirrd 



= 1 



Hp{W°) -^ i/;^(r^") {p G Z). (7.25) 



Therefore by (4.30) we get 

diraHf{W:) = r^'"' ''-•''' (7.26) 




This implies that for any 1 < j < r and generic c G C" there exists a short exact sequence 

—^ Hl\Wl^_,) ^ Hl\Wl^^,) -^ (7.27) 

©"ii^n((5; X Bl) U g, {dSq X Bl) U Q- lX) -^ 0. (7.28) 



Moreover by Lemma 3.6 we can construct a natural basis of the vector space Hn{{Sq x 
B*) U Q, {dSg X B*) U Q; t,/:) ~ C'"\ Lifting these bases to H'^'^iW^tJ ~ i^n'^(W^°) with 
the help of the above short exact sequences we obtain the one 6ijk G H^{W°) (1 < j < Vi, 
l<k<mi) oiH'^^{W°). D 



In the course of the proof of Proposition 7.5 we proved also the following theorem. 



Theorem 7.6. For generic nonresonant parameter vectors c G C" the natural morphisms 

Qi : K'^iWn -^ Hf{T^'') (1 < z < /) (7.29) 

are injective and induce an isomorphism 

e : ®UK\wn ^ K^T^. (7.30) 

In particular, the cycles •jijk := Qi{Sijk) G H^(T^'^) (1 < i < I, 1 < j < Vi, 1 < k < rrii) 
form a basis of the vector space H^{T^^) = HniT^^ U Q, Q; l^C) over C 

Remark 7.7. Let G G C"" be the set of nonresonant parameters and Gq G G its subset 



consisting of parameters for which Theorem 7.6 holds. It is clear that Gq is open dense in 



G. For a point c G G\Go assume that there exists a point cq G Gq close to c such that the 
Volz(A) linearly independent rapid decay n-cycles constructed at cq can be continuously 
extended to c. Then we can show that the resulting ones at c are also linearly independent 
as follows. Let T be the local system of rank Volz(A) on G defined by the n-th rapid 
decay homology groups. Then the above families of rapid decay n-cycles define sections 
Si,S2, . . . , Svoiz(A) of J^ on a connected open neighborhood V of Cq such that c G V. We 
thus obtain a homomorphism of sheaves Cy ° — > J-'\v on V whose stalk at Cq G V is 
an isomorphism. By sheaf theory, it is an isomorphism over the whole V. This implies 
that the Volz(A) rapid decay n-cycles at c are also linearly independent. 
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